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Abstract. This paper investigates the strict comparison the- 
orem under the framework of G-expectation, i.e., let X < Y q.s., if 
X, Y satisfy some additional conditions, then E[X] < E[F]. 

1 Introduction 

In 2006, to deal with the model uncertainty problem in finance, Peng establish 
the sublinear expectation theory and introduce a new sublinear expectation, 
called G-expectation, which have many well properties as classical linear expec- 
tation except linearity (see Peng [101 HU H21 021 HI])- Unlike the well-known 
g-expectation, G-expectation was introduced via fully nonlinear parabolic par- 
tial differential equations. 

In this paper, we consider the following problem: for a linear expectation 
E P , we know that if X < Y then E P [X] < E P [Y], furthermore, if X < Y and 
P(X < Y) > 0, then Ep[X] < E P [Y}. If we replace the linear expectation 
Ep by Peng's G-expectation E, the former holds obviously, we interest that 
when the latter holds. We give three forms of strict comparison theorem for 
G-expectation and some interesting examples. 

This paper is organized as follows: in Section 2, we recall some basic notions 
and results of G-expectation. In Section 3, we prove strict comparison theorems 
for G-expectation and give some interesting examples. 

2 Preliminaries 

We present some preliminaries in the theory of G-expectations. More details 
can be found in Peng [101 [CD QJ EH [M] . 

Let fl be a given set and let H be a linear space of real valued functions 
defined on f2 satisfying: if G %, i = 1, • • • , d, then 



■• ,X d )eH, V^Q, iip (R d ), 



where Ci } Li P (R d ) is the space of all real continuous functions defined on R such 
that 

\<p(x) - <p(y)\ < C(l + \x\ k + \y\ k )\x - y\,Vx,y e R d , k depends on <p. 

A sublinear expectation E on "H is a functional E : H H> R satisfying the 
following properties: 

(1) Monotonicity: If X > Y then E[X] > E[Y]. 

(2) Constant preserving: E[c] = c. 

(3) Sub-additivity: E[X + Y}< E[X] + E[Y}. 

(4) Positive homogeneity: E[XX] = XE[X], VA > 0. 

Definition 2.1 In a sublinear expectation space (fi,,H,E), a random variable 
Y is said to be independent from another random variable X if 

E[<p{X, Y)} = E[E[ip(x, Y)] x=x ], Vip e C lMp {R x R). 

Two random variables X\ and X2 are called identically distributed, denoted 
by X x ~ X 2 , if 

E[^(X0] = E[ip(X 2 )], G Q, Lip (R). 

If X is identically distributed with X and independent from X , then X is 
said to be an independent copy of X . 

Definition 2.2 In a sublinear expectation space (f2,%,E), a random variable 
X G H is said to be G-normal distributed wither 2 = E[X 2 \ and er 2 = — E[— X 2 ], 
denoted by X ~ A/"(0, [<7 2 , ct 2 ]), if 

aX + bX - \Ja 2 + b 2 X, Va, b > 0, 

where X is an independent copy of X. 

We can give a characterization of G-normal distribution by fully nonlinear 
parabolic partial differential equation (see Peng [TU1 fTTl [T2l ITS! IT^] V 

Proposition 2.3 Let X ~ A/"(0, [a 2 , a 2 }), then for each ip £ C\li P 0^), the 
function u defined by 

u(t, x) := E[<p{x + VtX)} , t > 0, x G R, 

is the unique viscosity solution of the following G-heat equation: 

f d t u - G(d xx u) = 0, (t,x) G [0, 00) X R, (1) 
\ u|f=o = V, 

where G(a) = (cj 2 a: + — a 2 a~)/2. 
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We will give the notion of G-expectations. Let f2 = C*o(M + ) be the space of 
all R-valued continuous paths (wt) t6 R+ with uiq = 0. We consider the canonic 
process: B t {uj) = 0J t ,t G [0, oo), ugfl, For each fixed T > 0, we set 

Lip{n T ) := {^(B tl ,B t2 ,--- ,B tn ) :Vn> l,h,--- ,t n G [0,T],V<^> G G /jLip (IR n )}. 

and 

oo 

Lip{Sl) := |J Lip{Sl n ). 

n=l 

Then we can construct a consistent sublinear expectation called G-expectation 
E[-] on Lipip,), such that B\ is G- normal distributed under E and for each 
s, t > and ti, • • • , tjv G [0, t], we have 

%(S tl ,--- ,S tjVJ B t+ .-B t )]=E[V»(S tl> --- ,£ t J], 

where ip(xi, • • • , xjv) = E[</j(xi, • • • , Xjv, -y/lBi)]. Under G-expectation E[-], the 
canonic process {B t : i > 0} is called G-Brownian motion. 

The completion of Lip(Vl) under the Banach norm E[|-|] is denoted by Lq(VI). 
E[-] can be extended uniquely to a sublinear expectation on Lq(£1) (see Peng 

nacaini). 

We denote by B(Cl) the Borel tr-algebra of f2. It was proved in Hu and Peng 
[5] (see also Denis, Hu and Peng j3j) that there exists a weakly compact family 
V of probability measures defined on (fi,B(fi)) such that 

ELY] = sup E P [X], VX G L^(fi). 
Pep 

For such weakly compact family V, we can introduce the natural Choquet 
capacity 

v(A) := sup P(A), AeB(fl). 
Pep 

Definition 2.4 ^4 set A C f2 is polar ifv(A) = 0. A property holds quasi-surely 
(q.s.) if it holds outside a polar set. 

Definition 2.5 A real junction X onQ is said to be quasi- continuous if for each 
e > 0, there exists an open set O with v(0) < £ such that Y|o<= is continuous. 

The following proposition can be found in Denis, Hu and Peng J3J. 

Proposition 2.6 For each X £ Lq(£1), there exists Y such that Y = X q.s. 
and Y is quasi- continuous. 

3 Main Theorem 

In this section, we consider strict comparison theorem for Peng's G-expectation 
E, where E defined on (fl, L;L(f2)) and there exists a weakly compact family V 
such that ELY] = sup PeV Ep[X]. 



3 



Theorem 3.1 Let X, Y e L^(f2) and X < Y q.s. If 

inf P(X < Y) > 0, 

i/ieri E[X] < E[F]. 

Proof. Since E[X] - E[Y] < E[X - Y], we only consider the case of X < q.s. 
and mi PeV P{X < 0) > 0. 

For such X, we can choose e such that < e < inf p e -p P(X < 0). Since 
X E Lq({Y), by Proposition 12.61 there exists Y such that X = Y q.s. and 
Y is quasi-continuous. Noting that X — Y q.s. implies E[X] = E[Y], and if 
E[Y] < we also have E[X] < 0. Without loss of generality we can assume that 
X is quasi-continuous. By Definition 12. 51 there exists an open set O such that 
v(0) < infp e -p P(X < 0) — e and X\o" is continuous. 

Set A = {lu : X(oj) > 0}, A n = {co : X{uj) > -1/n}, F = A n O c and 
Pn = H O c , then we can check that F n is closed and F n J, F. Since P is 
weakly compact, we have v(F n ) I v(F) (see Huber and Strassen [6]). There 
exists no € N such that v(Pn ) < u(P) + e. 

We have 



v(X > -1/no) - 1 = «((A no n O c ) U (A no n O)) - 1 

<K(FJ + »(4„nO)-i 

< v(F) + e + v(0) - 1 

< v(A) + e + v(0) - 1 

= -( inf P(X < 0) - v(O) - e) < 
Pev 

Since Jf < q.s., we have u(Jf > t) = for t > 0. Finally, we get 

/■oo />0 

E[X] = sup P P [X] = sup ( / P(X >t)t+ / (Ppf > t) - l)t) 
Pev Pev Jo J-oc 

/•oo />0 

</ supP{X>t)t + (sup P(X > t) - l)t 
Jo PeP 7-oo pgp 

/•oo />0 />0 

</ v(X>t)t + (v(X>t)-l)t= (v(X>t)-l)t 

JO J — oo «/ — oo 




(v(X > t) - l)t < (v(X > -l/n ) - l)/n < 0. 



□ 

In fact, the condition infp e p P(X < Y) > is not easy to verify. But for 
X, Y E Lip(tt), we can represent them by X — ip(B tl ,B t2 — B tl ,--- , B tn — 
Bt B _J and y = i)(B tl ,B t2 - B tl , ■ ■ ■ , B tn - B t „_J, where (p,ip E Ci Mp (R n ) 
and P is the G-Brownian motion on (ft, Lq(H),E). When a > 0, we have the 
following results. 



4 



Lemma 3.2 Suppose a > 0. Let X £ Lip(Q) with the form X = ip(Bi) and 
<p(x) < 0, Vie G M. If there exists xq £ K such that <p(xq) < 0, then ELY] < 0. 

The proof of this lemma depends on some deep estimates of fully nonlinear 
parabolic partial different equations, which initially obtained by Krylov and 
Safonov [8], we will prove it in Appendix. 

Theorem 3.3 Let a > and X, Y £ Lip(Sl) with the forms X = <f{B tl , B t2 — 
B tl , ■ ■ ■ , B tn -B tn _ 1 ) and Y = ip(B tl , B t2 —B tl , ■ ■ ■ , B tn ~B tn _ 1 ), where f(x) < 
tp(x),\/x £ K n . Then ELY] < E[y] if and only if there exists xq £ R™ such that 
lp(xq) < ip(x ). 

Proof. The necessity is obviously, we only need to prove the sufficiency. 

We first consider the case of X = (p(B tl , B t2 —B tl ) and Y — ^{B tl , B t2 —B tl ) 
with ip < ip and there exists (xi,X2) £ K 2 such that cp(xi,X2) < ip(xi,X2)- By 
Lemma [3.21 we have E[ip(x,B t2 — B tl )] < E[ip(x,B t2 — B tl )] for each x £ M. 
and E[<p(xi,B t2 — B tl )} < E[ip(xx, B t2 — B tl )]. Let us use Lemma [3~2l again, we 
conclude fc[tp(B tl , B ta - B tl )\ < E[^(B tl ,B t2 ~ B tl )]. 

For X = cp{B tl , B t2 -B tl , ■ • • , B tn -B tri _ 1 ) and Y - ip(B tl , B t2 -B tl , ■ ■ ■ , B tn - 
-Bt^-i)) we repeat above procedure, thus K[X] < E[Y]. □ 

The condition of a > is necessary. When a = 0, the above strict compari- 
son theorem does not hold. 

Example 3.4 Let a_= and X = i?iA0, then we can check thatu(t,x) — xAO 
is the unique viscosity solution of G-heat equation: dtu = a 2 (d xx u) + / 2 with 
initial condition u(0,x) = x A 0. But we have ELY] = u(l,0) = 0. The strict 
comparison theorem does not hold. 

Corollary 3.5 Let B t be a G-Brownian motion with a 2 = E[_B 2 ] > — E[— Bf] = 
a 2 > 0. Then we have 

inf P(a < B t < b) > 0, 
Pev 

where — oo < a < b < oo and t > 0. 

Remark 3.6 Suppose g_ > and Y, Y £ Lip(fl) satisfy the same conditions in 
Theorem \3.3\ By Corollarv \3.5[ we can prove that mip^-p P{X < Y) > 0, so by 
Theorem[^Jl we also have ELY] < E[Y}. 

In the end, we give another form of strict comparison theorem. 

Theorem 3.7 Let X,Y £ L^(fi) and X < Y q.s.. If v(X < Y) > and X 

has mean certainty, i.e., ELY] = — E[— X], then ELY] < E[Y]. 

Proof. Since X < Y q.s. and v(X < Y) > 0, there exists P £ V such 
that P(X < Y) = 1 and P(X < Y) > 0. Therefore E P [X] < E P [Y\. Since 
ELY] = -E[-Y], we have 

ELY] = E P [X] < E P [Y] < E[Y}. 
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□ 

But unfortunately, in general, if X < Y and v(X < Y) > 0, it does not 
imply 1&[X] < E[y]. We give the following counterexample, in which we will 
use the notion of quadratic variation process of G-Brownian motion (B) t - More 
details about this process can be found in Peng [TU1 US [T31 [TJ] . 

Example 3.8 Let B t be a G-Brownian motion with W 2 = K[B 2 } > er 2 = 
— E[— B\\ > 0. we consider (B) t and a 2 t, then we have (B) t < ~ut q.s., and 
we can choose P £ V such that B t becomes the classical Brownian motion with 
Ep[Bf] = a 2 . Under this P, the quadratic variation process (B) t equals a 2 t 
P-a.s., so we have P((B) t < cf 2 t) — 1. It is easy to get v((B) t < a 2 t) = 1. but 
E[(B)t]=W 2 t = t{a 2 t}. 

A Proof of Lemma 13.21 

In this section, we complete the proof of Lemma [32] We always suppose a > 0. 

The following lemma is a spacial case of Theorem 1.1 in Krylov and Safonov 
0. We denote B R (x°) := {x : \x - x°| < R}, B R := B R (0) and Q 9M := 
(0,6R 2 ) x B R . 

Lemma A.l Let 8 > 1 and R < 2, u € C 1,2 (Qg tR ), u > be such that 

d t u - a(t, x)d xx u = 0, in Qb,r, 

where a £ L°°((0,oo) x M) and for some A > 0, A -1 < a(t,x) < A, V(t,x) € 
(0,oo) x R. 

Then there is a constant C depending only on A, 6 such that 
u{9R 2 ,x) > Cu(i? 2 ,0), Vx € B R/2 . 

We now give the proof of Lemma 13.21 
Proof of Lemma l3.21 We first consider the case of ip £ Cb,Li P (M) (bounded and 
Lipschitzian continuous). Then the G-heat equation |T]) has the unique classical 
solution, i.e., u(t,x) £ G 1 ' 2 ((0,2) x E) (see Krylov [7 ). Since <p{x) < for all 
x £ R, by the well-known maximal principle, we have u(t, x) < 0. Since ip(xo) < 
0, by the continuity of u(t, x), there exists e > and (t £ ,x £ ) £ (0, 1/2) x R, such 
that u(t e , x e ) < —e. 

We set v(t,x) = —u{t,x e — Mi), where M > 2\x e \/yj%. It is easy to verify 
that v(t, x) is the unique solution of the following PDE: 

( d f v-a(t,x)d xx v = Q, (t, x) £ (0, 2) x R, 

\ v\ t =o = -<fi(x e - Mx), x £ R, 

where 

, _ J W 2 /2M 2 for (t, x) such that d xx u(t, x e - Mx) > 0, 

a(t, x) - | 5 . 2 / 2M 2 otherwise . 
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Then v(t, x) satisfies all the condition of above Lemma. We get v(l, x e /M) > 
Cv{t £ , 0) = —Cu{t e , x e ) > 0, where C > depending on a, a, x e ,t £ . So we have 
t[p[Bx)\ = u(l,0) = -v(l,x e /M) < 0. 

For each ip g C/,£ip(R) with tp(x) < and <p(xo) < 0, we can choose tp' £ 
Cb.Lip(M) such that <p(x) < < and i/3'(xo) = v(^o) < 0, then we have 

E[i P (B 1 )} < E[ip'(Bi)] < 0. 

□ 
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